Interaction Constants and Dynamic Conductance of a Gated Wire 
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We show that the interaction constant governing the long-range electron-electron interaction in 
a quantum wire coupled to two reservoirs and capacitively coupled to a gate can be determined by 
a low frequency measurement. We present a self-consistent, charge and current conserving theory 
of the full conductance matrix. The collective excitation spectrum consists of plasma modes with 
a relaxation rate which increases with the interaction strength and is inversely proportional to the 
length of the wire. The interaction parameter is determined by the first two coefficients of the 
out-of-phase component of the dynamic conductance measured at the gate. 

PACS numbers: 73. 23. Ad, 73.61.-r, 73.20.Mf 



The comparison of interacting electron theories and ex- 
periments often suffers from the fact that the interaction 
constants are not known. In particular, this is true for 
interacting quantum wires, where Luttinger models with 
a wide range of coupling parameters are discussed Elpl. 
Moreover, a single experiment is often not sufficient to 
determine the coupling constant. Thus, as will be shown, 
the capacitance (per unit length) of a wire above a back 
gate is related to the interaction parameter g via 

c^=g 2 e 2 v F . (1) 

Since the density of states Vp = 2/ Jivf (evaluated at con- 
stant interaction potential ||) is generally not known, a 
capacitance measurement alone cannot determine the in- 
teraction constant. Here we propose to investigate the 
frequency dependence of current induced into the gate. 
Compared to the measurement of a frequency dependent 
conductance at a direct contact, the measurement of the 
gate current can be performed at relatively small fre- 
quencies in the kHz range, since the frequency response 
is not on top of a possibly large dc-conductance. Re- 
cently considerable advances have been made in the high 
precision frequency measurement of the complex ac con- 
ductance Q| and the frequency dependent noise || of 
mesoscopic conductors. In this Letter we consider a sim- 
ple model system - a perfect ballistic wire coupled ca- 
pacitively to a gate and connected to two electron reser- 
voirs - and calculate the dynamic conductance matrix. 
While the dc-conductance in this system is quantized and 
thus provides no information on the interaction, the dy- 
namic conductance is a sensitive function of the interac- 
tion strength. 

A conceptually important point which needs to be ad- 
dressed in solving this problem is the coupling of an in- 
teracting wire to electron reservoirs. Previous works ||] 
have proposed a purely one-dimensional model in which 
the interaction changes from a value g < 1 (character- 
istic of interactions) to a value g — 1 (characterizing a 
system without interactions) at the transition from the 



ballistic wire to the electron reservoir. Another more 
recent proposal [Q consists of a radiative boundary con- 
dition in which the electron density is proportional to 
the applied voltage. In this work we use a concept of 
reservoirs based on the electrochemical nature of electric 
transport H. The electron density in the wire is the 
sum of two terms: a chemical density, which follows the 
chemical potential of the reservoir from which the car- 
riers are injected into the wire, and an induced density, 
which results from the (long range) Coulomb screening 
of the injected charge. Indeed, from a screening point of 
view electrons in a reservoir are not free: an increase of 
the electrochemical potential is followed by an equal in- 
crease in the electrostatic potential. That corresponds 
to strong interaction (very effective three-dimensional 
screening) in a reservoir rather than to a non-interacting 
one-dimensional (ID) model with g = 1. Similarly, the 
radiative boundary condition employed in Ref. [0 is not 
correct: in a reservoir an increase of a voltage leaves the 
local density invariant. These divergent views arise from 
the fact that interactions play a role on very different 
length scales 0. Different interaction parameters must 
be used to describe long range and short range effects [|| . 
Conceptually, Ref. (h]] , which describes the reservoirs by 
the charges, conjugate to the chemical reservoir poten- 
tials, is closest to our approach. 

Ballistic single mode wires coupled to reservoirs 
are the simplest model system in which these questions 
are significant. The dynamic response of ID interacting 
systems has been investigated previously in the frame- 
work of the Luttinger model by several authors [[if] Q| . 
The results obtained in these works are, however, not 
charge and current conserving (gauge invariant) Be- 
low we present results for the ac conductance of an in- 
teracting quantum wire, connected to two reservoirs and 
capacitively coupled to a gate. On a length scale large 
compared to the distance between the wire and the gate 
the interactions can be treated as short ranged. Our 
discussion explicitly includes the effect of the gate. Of 
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interest is the displacement current which flows from the 
wire to the gate and which we propose to measure to 
determine the interaction constant. 

Consider the system depicted in Fig. [|, consisting of 
a ID quantum wire of length L, connected to two reser- 
voirs at x — and x = L. The potential in the left 
(1) reservoir is modulated in time, V\{t) — Vi, w e~ iwt , 
whereas the potential in the right (2) reservoir is kept 
constant. We treat the interactions in random phase ap- 
proximation (RPA) . For electron densities which are not 
too small (e 2 /hvp < 1, where vf is the Fermi velocity), 
RPA is essentially exact. We note also that even within 
the strict limits of RPA validity the interaction constant 
g may still be made small by appropriate choice of ca- 
pacitance between the wire and the gate, see Eq. @ 
below. 
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FIG. 1. The ID wire, connected to two reservoirs and cou- 
pled capacitively to a gate. 

Self-consistent potential. In the absence of interac- 
tions, a potential modulation in the left reservoir injects 
a bare charge density po,u>(x) into the wire, 



Pa,u>{x) 



v F Vi, 



(2) 



where vp = 2/hvp is the density of states at the Fermi 
level (vp is the Fermi velocity), and qF = lu/vf. 

In the presence of an external potential <p u (x)/e, the 
true charge density is 

L 

p u (x) = p u ,o( x ) ~ J dx'U w (x,x')4> UJ (x'), (3) 
o 

where the polarization kernel is given by (see e.g. [p"5|) 

U^x, x') = u F 5(x - x') + ?^p e «H*-*'l. ( 4 ) 

Eq. (||) gives the charge density as a sum of two contribu- 
tions: a chemical one, proportional to the potential V\ u 



of the reservoir, and an induced component, proportional 
to the electrostatic potential. 

We now take electron-electron interactions into ac- 
count by determining the actual potential (f>ui(%) in the 
wire self-consistently, i.e., by relating the total charge 
p w on the left hand side of Eq. (^) to the potential </> w . 
In order to do this, we need to specify the electron- 
electron interaction. In the case of bare Coulomb in- 
teractions, the required relation is the Poisson equation 
^4>lo = ~ / iire 2 p UJ . For short-ranged interactions this re- 
lation is different and is found as follows: Generally, 
the interaction potential V(r,r') is the Green's function 
for the operator equation KV(r,r') = 47re 2 <5(r — r'). 
The same operator K also connects charge p and po- 
tential <f> via K<j)(r) = 47re 2 p(r). For bare Coulomb in- 
teractions, K is the Laplace operator A, and the Pois- 
son equation follows. Here we consider short range in- 
teractions characterized by the interaction strength Vo, 
V(x — x') — VoS(x — x'). In this case the operator K 
is just a multiplication with a constant factor 47re 2 /Vo. 
Thus, the potential and charge are connected via 



4>u(x) = Vop u {x), 



(5) 



instead of the Poisson equation. At this point it there- 
fore is quite natural to introduce the capacitance of the 
wire per unit length, c = e 2 /Vo- Physically, this corre- 
sponds to a single mode quantum wire, formed by deple- 
tion induced by a back-gate with a capacitance c per unit 
length, parallel to the wire (see Fig. |]). The well-known 
interaction parameter g of the LL is then related to the 
capacitance c |l(| via 



9 2 = 
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l v F jc 



(6) 



In particular, the case of the locally charge neutral wire 
|]l5| , corresponds to c = or infinitely strong point-like 
interactions (g = 0). Indeed, the single-channel results of 
Rcf. jl5| are obtained as the g — > limit of the formulas 
derived below. 

Now we generalize our approach to the case when the 
back-gate is modulated by a potential Vz(t) — Vz yU e~ luJt 
as well. Then the total density of the wire contains in 
addition to the density injected from reservoir 1 an in- 
duced density due to the modulation of the gate. The 
self-consistent potential distribution <fi u {x) along the wire 
must now be found from the equation 



e 2 vp 
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dx'e^^'^^x'), 



(7) 
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which is obtained by substituting <f>uj{x) — Vz.u> hi the lhs 
of Eq. (§) and using Eq. @. The solution to Eq. (0) is 



where q — gqF, and 

(l±,g)(l-ff 2 )e^ 
(1 + g) 2 e- iqL - (1 - g) 2 e i i L 



(8) 
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Conductance matrix. With the true potential we 
are now in a position to find the full conductance ma- 
trix for the capacitively coupled wire. The conductance 
matrix Q a f3{u) relates the current I ai(l) at contact a to 
the voltage Vp^ applied at contact /? (a, (3 
la.ui = Ga/3{w)V/3 tUJ . With the definitions 



and 



G u = 2g 



G u 



3 2 (1 +g)e~ iqL + (1 - g)e lqL 
h (1 + g) 2 e~ ic i L - (1 - g) 2 e lqL 



1,2,3): 
(10) 



h (1 + g) 2 e' iqL - (1 - 3) 2 e l< ? L ' 
the conductance matrix takes a form 




Gj^, Gu Guj 

Gqj Gu Gu 

~Gu — Gu IGu H~ 2G^_ 



(ii) 



(12) 



The matrix Q has the following properties S: First, it 
is symmetric, which reflects the fact that the geometry 
considered here is symmetric under the exchange of the 
left and right reservoir, and no magnetic field is present. 
Then, ^ Q Q a p — 0, which re-states current conserva- 
tion. Finally, the property G a /3 = manifests the 
fact that a simultaneous shift of all potentials Vp by the 
same amount does not produce any current (gauge invari- 
ance). Furthermore, dissipation of power requires that 
the matrix Re Q is positive definite. 

In the static limit u> — one reproduces the known 
result ||: G = —G = e 2 /h, with no current flowing 
through the gate. Another limiting case is g = fl5| , 
where one finds G = -G = {e 2 /h)(l - iqpL/2)- 1 . Gen- 
erally, all the components of the conductance matrix are 
oscillating functions of frequency (for g ^ 0) with the pe- 
riod 2irvF(gL)~ 1 . In particular, the real part of the con- 
ductance reaches zero with a period 2irvp{gL)~ 1 . It has 
been suggested that measurement of this period should 
be used to determine the interaction constant p^pi. 
However, this period is a consequence of the linearization 
of the spectrum near the Fermi energy and not really a 
signature of an interacting system. Furthermore, this fre- 
quency is already in the absence of interactions of the or- 
der of an electron transit frequency and therefore rather 



high. A much better strategy consists in analyzing one of 
the purely capacitive conductances between the wire and 
the gate. In particular, we consider £33(0;) = 2{G b j+G UJ ) 1 
which we call the gate conductance. The real and imag- 
inary parts of the frequency dependence of the gate con- 
ductance Qzz (oj) are displayed in Fig. 2. The real part 
shows peaks around lo = (nvp / gL)(2n + 1), n € Z. The 
height of each peak is equal to four times the conduc- 
tance quantum e 2 /h (and thus independent of g), while 
the width decreases with decreasing g. In contrast, the 
imaginary part of ^33(1^) changes sign at these points, 
and exhibits extrema (sharp ones for small g) at the 
points 



1 - g 2 

ir(2n + 1) ± arccos ~ 

1 + g 2 



The height of each peak is 2e 2 /h. 
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FIG. 2. One period of the frequency dependence of the real 
(a) and imaginary (b) parts of the gate conductance Qzs{uo) 
(in units e 2 /h). The parameter g is equal to 1 (curve 1), 0.3 
(2), and 0.1 (3); the argument is = uiLg/vF- 

All elements of the conductance matrix Q a p are char- 
acterized by the common denominator (1 + g) 2 e~ lqL — 
(l-g) 2 e lqL , which has zeros at frequencies 



9L 



— i In • 



<J 



(13) 



Eq. ( filf ) defines the (collective) excitation spectrum of 
the quantum wire. For g = (local charge neutrality) 
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only the n = mode survives, and all other frequencies 
are pushed up to infinity. This mode is purely imagi- 
nary and does not correspond to any type of quasiparti- 
cles On the other hand, for g = 1 (non- interacting 
system) all modes are infinitely damped: Thus, charge 
relaxation can only be caused by electron-electron inter- 
actions. We mention that the same modes are obtained 
in Ref. jl2| |; the modes with even n are also obtained in 
Rcf. p3|. Any treatment, whether self-consistent or not, 
which at some stage invokes the effective interaction, will 
exhibit this frequency spectrum. 

We have now characterized the dynamic conductance 
and its properties over a wide frequency range. But it is 
the low frequency regime that is experimentally most eas- 
ily accessed. A low frequency measurement works only if 
we consider the gate current since at small frequencies the 
ac component of the conductance Q\\ represents only a 
small deviation from the quantized dc- conductance and 
is hard to identify fl7|j . The gate conductance has the 
following low frequency expansion 



-iC a uj + R q c 2 y 



l-3g s 
3g 2 



R 2 q cy + 



Here = c^L is the total electrochemical capacitance 
of the wire vis-a-vis the gate, c M is given by Eq. (jl]). 
The second order term is determined by the charge re- 
laxation resistance Jl8| R q — h/4e 2 which is the parallel 
resistance of two Sharvin-Imry contact resistances of half 
a resistance quantum per contact. It is independent of 
the interaction constant. The third order term is pro- 
portional to the third power of the electrochemical ca- 
pacitance C^, but most importantly it is proportional to 
a factor l/3g 2 — 1, which is a sensitive function of the 
interaction strength. Thus, a measurement which deter- 
mines the out-of-phase (non-dissipative) part of the gate 
conductance up to the the third order in frequency is 
sufficient to determine the interaction parameter g. 

Conclusions. We have investigated the ac response 
of a quantum wire with short-range interactions. We for- 
mulated a self-consistent, charge and current conserving 
approach using RPA. For a wire with a density which is 
not too small, RPA captures the essential physics. The 
boundary condition which couples the density of the wire 
to the electron reservoirs is of eletrochemical nature. Due 
to the coupling with the reservoir all the collective modes 
of the system acquire a damping constant. In the present 
paper the one-channel case is considered only. The case 
of two channels with the same velocity vf (corresponding 
to one spin-degenerate channel) can be obtained from the 
above results simply by replacing the density of states of 
the one-channel problem v by that appropriate for the 
spin-degenerate channel 1v: Spin-charge separation can 
not be probed by the ac response. 

We find that the measurement of the low-frequency, 
non-dissipative component of the gate conductance in- 
cluding only its first two leading coefficients is sufficient 



to determine the interaction strength. Such measure- 
ments are very desirable and will provide a strong stimu- 
lation for further research on the role of electron-electron 
interactions. 
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